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ABSTRACT
We briefly review the status of high precision QCD predictions available for LHC
processes, focusing on corrections beyond NLO and ways to make the latter
available in a convenient format. As a phenomenological example we discuss the
two-loop corrections to Higgs boson pair production in gluon fusion.
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1 Introduction
The LHC is collecting an impressive amount of data, entering a phase where many important measurements
are limited by systematics rather than statistics. As signs of physics beyond the Standard Model may hide in
small deviations from the expected result, it is of great importance to have the Standrad Model predictions
well under control. While next-to-leading order (NLO) predictions combined with parton showering are
the state of the art, widely used by the experimental collaborations, the number of processes where an
NLO description is not sufficient is increasing as the measurements gain in precision, stimulating remarkable
progress in the theory community.
There are several ways to improve the precision of SM predictions. The most obvious one is to increase the
order of the perturbative series in the strong coupling αs. However, resumming large logarithms in certain
kinematic regions and/or including electroweak corrections can sometimes be more important, as well as
including quark mass effects. In addition, there are parametric uncertainties, for example due to limited
precision on the value for αs,MW or mtop, as well as uncertainties related to the parton distribution functions
(PDFs), and non-perturbative effects. In the following, a brief overview of some of these developments will
be given.
2 Progress in perturbative QCD calculations
2.1 Building blocks of QCD corrections up to NNLO
As NLO QCD calculations matched to a parton shower are the state of the art, we will focus on developments
beyond NLO QCD. At next-to-next-to leading order (NNLO), one can distinguish three basic contributions
to the scattering amplitude: The two-loop virtual part AVV, the one-loop amplitude with one extra parton
(compared to the Born configuration) that can become unresolved (soft or collinear) ARV, and the tree-level
amplitude ARR, where two extra partons can become unresolved. For loop-induced processes, where the
leading order already proceeds via a loop (e.g. Higgs boson production in gluon fusion), the counting of
the loops is of course shifted, such that the NLO virtual amplitude already involves two-loop diagrams. If
a QCD parton becomes unresolved, this entails infrared singularities which need to be isolated before any
numerical integration over the phase space can be attempted.
2.2 NNLO double real radiation
The isolation of the infrared singularities from ARR was for a long time a bottleneck which hampered progress
in the construction of fully differential Monte Carlo programs for NNLO predictions. This situation however
changed drastically in the last few years, and partly can be traced back to the fact that insights about the
universal infrared behaviour of QCD, partly gained from resummation or Soft-Collinear Effective Theory,
were used conveniently to isolate the singular regions.
Table 1: Methods for the isolation of IR divergent real radiation at NNLO.
method analytic integr. of type/restrictions
subtraction terms
antenna subtraction [1] yes subtraction
qT -subtraction [2] yes slicing; colourless final states
N-jettiness [3, 4] yes slicing
sector-improved residue subtraction [5–8] no subtraction
nested subtraction [9] no subtraction
colourful subtraction [10,11] partly subtraction; colourless initial states
projection to Born [12] yes subtraction
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The method of qT -subtraction [2] or N-jettiness [3, 4] has been employed to obtain NNLO results for LHC
processes involving colourless final states or at most one jet [3,13–32]. The proceeses H+jet [33], Z+jet [34]
and di-jets [35] at NNLO, as well as single jet inclusive and di-jet production in DIS [36, 37] have been
calculated based on antenna subtraction [1]. Top quark pair production at NNLO [38,39] has been calculated
based on sector-improved residue subtraction, a variant of the latter also has been used for H+jet [24]. For
H+2 jets in vector boson fusion [12] the “projection to Born” method has been used. A summary of schemes
to treat unresolved real radiation at NNLO is given in Table 1.
2.3 Loop integrals and two-loop amplitudes
At two loops, many remarkable achievements can be reported, and an impressive number of differential
NNLO results for 2 → 2 processes became available recently. The results for the production of two vector
bosons rely on analytic calculations of two-loop four-point amplitudes with two massive/off-shell legs, which
were the subject of groundbreaking analytical work [40–47].
The integrals entering top quark pair production at NNLO [38] have been calculated numerically [48],
analytic results are partially available [49,50]. The NNLO corrections to top quark decay have been calculated
in Refs. [51–53]. Classes of integrals with one additional mass scale appearing in the propagators also have
been calculated in the context of massive Bhabha scattering [54], electron-muon scattering (with me =
0,mµ 6= 0) [55], and the mixed QCD-EW corrections to the Drell-Yan process [56,57].
The analytic calculation of two-loop four-point integrals with both massive propagators and massive/off-
shell external legs is currently one of the most vibrant topics in the field of precision calculations. Such
integrals are needed for example for the virtual NLO corrections to Higgs+jet or Higgs boson pair production
in gluon fusion. Note that the NLO corrections to these processes involve two loops, as the leading order
already proceeds via a loop. The analytic calculation of the two-loop integrals entering Higgs+jet and
di-Higgs involves a new level of complexity due to the fact that the results contain new function classes,
involving elliptic integrals, which complicate the calculation in various respects. Nonetheless, results for the
planar case have been achieved [58, 59]. In addition, the top-bottom interference effects in Higgs plus jet
production have been calculated [60], based on the amplitudes calculated in Refs. [61,62]. Results for planar
two-loop five-point integrals [63,64] and certain helicity amplitudes [64–67] also became available recently, as
well as the two-loop six gluon all plus helicity amplitude [68]. A landmark in what concerns two-loop results
based on a numerical unitarity method is the calculation of the full two-loop 4-gluon amplitudes presented
in Ref. [69].
At the multi-loop front, among the most remarkable recent achievements are the five-loop QCD beta-
function [70–73] and four-loop contributions to the cusp anomalous dimension and N3LO splitting func-
tions [74–79], three-loop corrections to the heavy flavour Wilson coefficients in DIS with two different
masses [80], new high precision calculations of the four-loop contribution to the electron g-2 in QED [81,82],
and the N3LO calculations for Higgs boson production in gluon fusion [83–85] and in vector boson fusion [86].
2.4 Ntuples, grids and the strong coupling
The runtimes of NNLO programs (as well as NLO programs for multi-particle final states) which are capable
of producing fully differential results are typically rather large, even when a cluster is used for parallelized
computations. Therefore various frameworks have been developed which allow to perform scale- and PDF
variations or the evaluation of the matrix elements at different αs values without re-running the full code.
The fastNLO [87, 88] and Applgrid [89] frameworks, based on grids and an interpolation framework, have
been developed for this purpose. Another possibility is to store all the relevant information needed for scale-
and PDF variations in Ntuples [90,91]. This is a rather storage-intensive approach, which however does not
require any interpolation.
FastNLO tables with NNLO QCD top-quark pair differential distributions have been presented in Ref. [92]
and have proven very valuable for PDF extractions [93]. A recent determination of the strong coupling
constant from H1 data [94], based on an NNLO calculation [36, 37], is another prominent example of a
successful application of the recently developed fastNLO/Applgrid interface to NNLO codes [95]. For other
examples see also Refs. [96–98].
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Recent measurements of αs based on LHC data can be found in Refs. [99, 100], and a determination of
αs solely based on the total cross section for top quark pair production has been presented in Ref. [101].
The developments which led to the latest world average are summarized in Ref. [102].
2.5 Electroweak corrections
As the measurements at the LHC enter the percent level precision era, electroweak (EW) corrections become
increasingly important. The need for automated tools to calculate NLO EW (and mixed QCD-EW) correc-
tions has triggered impressive developments in the NLO community, see e.g. Refs. [103, 104] for a review.
Recent results on NNLO QCD combined with NLO EW results for tt production have been presented in
Ref. [105]. Other very recent achievements include the complete NLO corrections to W+W+ production and
its backgrounds [106], di-photon+jets [107], vector boson+jets [108, 109], di-bosons [110–114], vector boson
scattering [115], Htt [116], W+W−bb [117], dijet [118]. For more details, we refer to the contribution of
J. Lindert in these proceedings.
2.6 N(N)LO+Parton shower
To review the field of NLO matching to parton showers and its extension to NNLO is beyond the scope of
this writeup. Groundwork for the NNLO+PS matching has been laid e.g. in Refs. [119–123] and we will
certainly see further developments in this direction.
2.7 Jets
Jet physics is a vast and vibrant field, which has seen very rapid progress in the past years, mainly due to
the development of jet substructure and machine learning techniques. For a review we refer to Ref. [124]
and the article of C. Biino in these proceedings.
3 Higgs boson pair production in gluon fusion
Higgs boson pair production in gluon fusion is one of the prime processes where physics beyond the Standard
Model could manifest itself. The leading order for this process proceeds via top quark loops, where delicate
cancellations occur between box diagrams and triangle diagrams, the latter involving the Higgs boson self-
coupling λ. The NLO calculation for this process with the full top quark mass dependence is complicated
by the occurrence of two-loop four-point integrals involving both mH and mt, which so far could not be
calculated analytically. However, a numerical calculation, based on the program SecDec [125, 126], has
been presented recently [127, 128]. It revealed that the full top quark mass dependence reduces the cross
section by about 14% as compared to the Born-improved NLO HEFT approximation. The latter is based on
“Higgs Effective Field Theory”, where the mt →∞ limit has been taken to calculate the NLO corrections,
and then the NLO result is rescaled by the Born amplitude in the full theory.
The exact top quark mass dependence alters the Higgs boson pair invariant mass distribution significantly
in the high mhh region, where the top quark loops can be resolved, see Fig. 1a. The FTapprox [129] result
is obtained by keeping the full top quark mass dependence in the real radiation, while the virtual part is
calculated in the Born-improved HEFT approximation.
The numerical results for the two-loop amplitude have been implemented in a two-dimensional grid
depending on the Mandelstam invariants s and t, together with an interpolation procedure. This allows
to combine the results with a parton shower [130] and to make the results publicly available [131, 132],
which indeed already has been useful to validate other calculations [133]. The effect of the parton shower is
moderate compared to the top quark mass effects, but still rather large for observables like the transverse
momentum of the Higgs boson pair, phhT , where NLO is the first non-trivial order to describe the tail of the
distribution. In Fig. 1b we show the phhT distribution, comparing fixed order results to results where a parton
shower has been matched within the POWHEG [131,134] plus Pythia8 [135] framework.
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Figure 1: (a) Fixed order predictions for the Higgs boson pair invariant mass distribution, comparing the full
result to various approximations, (b) NLO+parton shower results for the transverse momentum distribution
of the Higgs boson pair. Both predictions are for the LHC at
√
s = 14 TeV, using the PDF4LHC15 parton
distribution functions [136].
4 Summary
Precision calculations are of utmost importance in the current and planned LHC phases, as well as at future
colliders, as the measurements will be precise enough to point to deviations from the Standard Model at the
percent level. The past years have seen major advances in calculational techniques, both on the side of (multi-
)loop amplitudes as well as on the real radiation side. These developments led to an impressive increase
of fully differential NNLO predictions being available for 2 → 2 processes, and some N3LO predictions for
2→ 1 processes.
In view of this rapid progress, it is necessary to develop efficient ways to make these results available
to a wider community, e.g. for PDF fits, determinations of the strong coupling constant and inclusion into
the experimental software. Ntuples or grids in various forms may offer a solution and already have been
employed successfully. Finally, an example from Higgs boson pair production in gluon fusion is given, where
numerical results for the two-loop amplitude were encoded in a grid framework that allowed the inclusion of
the results in parton shower Monte Carlo programs.
It is encouraging to see that the community – both experiment and theory – is rapidly moving towards a
description of the data where the previous state of the art – mostly NLO QCD predictions – is superseded
in precision by various aspects, such as higher orders, resummation, electroweak corrections and quark mass
effects.
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